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AITANTHXEIX

OEMA A
Al.  XZyolko PBiphio, ékdoon 2012 cel. 262, Bedpnua (Tepintmon iii).

A2.  o." Zyohko Pifiio, ékdoon 2012 ced. 275, opiopdc.

B. Zyxohkd Pipiio, éxdoon 2012 oer. 143, opiopdg Kol T0 1edio OPIGHOY TNG
go [ amoteheiton amd OAoL ToL GTOLYXEIR X TOL WESIOV OPIGUOV TNG [ Yid Ta
omoia To f(x) avnkel 6to wESI0 OpiGUov NG €. AnAaon elvar To cHvoro
A, :{xeA|f(x)eB}.

A3. A-Z-A-A-%

O®OEMA B
Bl. 'Eotw z=x+yi.loyoeu

Hz+2)=-1- -3

z;+2;:—(«/12 +(—1)2)2~z—3<:>

2z+2z=-2z-3&
2z+2z42z43=05
zE+2(z+;)+3:0<:>
x*+y?+2:.2x+3=0<
X’ +)'+4x+3=0&
X’ +4x+4+)y’=4-3&
(x+2)°+y* =1.
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Apa 0 YEOUETPIKOG TOTOG TMV €KOVOV TOL z givol 0 KUKAOG HE KEVTIPO
K(-2,0) xon axtivae p = 1.

Agbtepog TpomOg:

INo v eiowon x°+)*+4x+3=0&ovue A’ +B’-4I'=16+0-12=4>0

omAadn etvar KOUKAOG [LE KEVTPO K(—%—%) oniaon K(-2,0) kou p = g =1.

AoV o1 €1KOVEG TV z,z €lval GNUEIO. COUUETPIKA OC TPOS TOV AEova x'x, O

YEMUETPIKOG TOTOG TOVL z EIVOL O GUUUETPIKOG TOL TOPATAV® KOKAOL MG TPOG
TOV x'x. ZOVEMMG €lval 0 1010¢ KUKAOC, aPOov TO KEVTPO TOV €lval GNUEI0 TOL
d&ova X 'X.

B2. A@ov ot apifuol z ko Z £yovv €kOVeG onueia Tov 0oLV KOKAOL, TOTE N

LEYLOTH TP TOL |z—E , ONAaon M péyotn) ondoTocn TOV EIKOVOV TOLG,

EMTVYYCVETOL OTAV Ol EIKOVES TOV z,Z E1VOl O1LEIR AVTISIOUETPIKE. ZVVETMG 1|

LLEYLOTT TIUT) TOV ‘z E 2) glvan 2p = 2.

Ot aptOuoi z,z Y10 TOVG OTOIOVG EYOVUE TN MEYIOTH TN TOV ‘z—;

, €XOuV

EIKOVEG ONUEINl COUUETPIKA OC TTPOS TOV X X, APoL givon cvlouyeig (nAadn pe
™V 10100 TETUNUEVI] Ko ovTIBETN] TETAYUEVT]) KO TOVTOYPOVO OVTISIOUETPIKA
TOV TOPATAV® KOKAOV. Apa givol cLOPPETPIKE Kol ®G Tpog 1o keEvipo K,
dMradn £xovv Vv 1010 TETUNUEV X=—2 LE TO KEVTPO. XUVVETAG Ol EIKOVES TOVG
glvan 01 AOGELG TOV GUGTILALTOG;

x=-2 x=-2 x=-2
famng famng
(x+2)" +y* =1 y: =1 y=x*1

Apa ot aplBuoil z,z WOV EMTLYYAVOLV TN UEYIGTN TIUN TOL ‘z—z‘ elvar ot

-2+i, —2—i N avtiotpoa pe eikdveg ta onpeio A(-2,1) kon B(-2-1).
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B Tpoémog:
Eivon |Z—E| :|2yi|:2|y|:2p:2©|y|:l©y:il.

Tote (x+2)+)y' =1 (x+2)° =0 x=-2, ML z=-2+i k Z=2- 0

avTioTpoa.

B3. Agpov ‘z— z‘ =2 oL opBpol z,z €ivol CVTOL TOL EMTVYYAVOLV TN LEYICTN TIUN
TOL ~z - z\ Kot enelon Im(z) > 0 and 1o ep@TNUO B2, mpokvmtel 011 z = -2+

Kol z=-2-1 .
| — 2013 2 2013
r 4 / . . 4. | )
Tote a0 G203 SO L A
2 2

B4. O uyadikoi z PBpickoviou o kokro pe kEvipo K(-2,0) kou axtiva p=1 dniaon

Y10 TO PETPO TOVG IGYVEL:
|z—(2+0i)|=1<|z+2| =1
‘Eyovpe: w=2z-iow+i=2zow+4+i=2z+4ow+4+i=2(z+2)=>
=|wHd+i|=2|z+2| < |w-(-4-i)|=21=2
ONAadN 01 EIKOVEG TOV W AVIIKOLV 0€ KUKAO pE KEVTPO A(-4,-1) kon aktiva p;=2.

o , . . w+i
B tpomog: Apod w=2z-iow+i=2zz=

lw—(-4-1)|

-l :l®#21<:>|w—(—4—i)|:2

Apa |z+2|:1<:>‘WT+i+2

‘w+i+4

ONA. 01 EIKOVEG TOV W OVIIKOLV 6€ KOKAO e kévtpo A(-4,-1) kon axtiva p1=2.
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Exoope w=2z-icow-z=z-i=w-z|=|z—i], dhad) n ondéctoon TV

EIKOVOV TOV Z Kot W givon 161 PE TNV 0mOGTOG TNG €1KOVOS TOL Z Omd TNV
€1KOVa TOVL 1, TOL givon To onueio A(O,1).

OEMA T

I't. Ag@ovn f eivan mopaymyiciun Oa eivon kot cuveync.
0

’

—lim—=—=1.

0
Eivat lim £(x) = lim——~lim
x>0 x—0 ¥ —] x—>0( . 1)’ x—0 @* e
e J—

[pémer f(O)zliﬂgf(x)@lnazl:lne<:>a:e.

INa v mapaywyo oto 0 Exovpe:

X 0
. —~f(0) .. -1 = . x—e'+1 . x—e‘+l0
f’(O):hmM:hmg:th:th:
x—0 x—0 x—0 X x—0 x(ex_l) x—0 xex_x
0
. - 4o e —e’ 1
lim =lim == s=——.
0e* fye’ —1 00 e et +xet e +e +0-e 2
Y 1' x_l A . X X_l_ X
2. o f'(x):( = j: (C— T2 %0
¢ ~1 e=1) (e =1

Otto g(x)=e" —1-x-¢".
Tote g'(x)=e"—e" —x-e" =—xe*
Av g'(x)=0<x=0.

To mpdonpo kou n povotovia twv g(x) wor f{x) eaivovion 6To TOPAKATO

TVOKOL:
X —o0 0 +o0
g'(x) + 0 -
/ 0
g - \
S(x) - -
7 @) T

AoV 1 g(x) mapovcialel péyioto oto xp=0, to g(0)=0, Ba eivon apvnTikm
v x #0.
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Apan f'(x) eivar opvnTiki yio k@Be xe R A, f R

+00

B. Eivor lim f(x)= lim —— = lim GO RN B 0, agod lim e* = +oo.

x>+ x40 @¥ ] xo+o (e — ])' x>+ @ x>+

Apan Cr &yxet optCovna acOUTTOTN 6T0 +o TNV €vbeia y=0 (dEovag x'x ).
Axépn lim /(x)= lim =2 ctw

x>0 e —1  0-1
Apa to chvoro TindV ™G Ax) eivon f(A) = (0,+w).

EAEyyovpe Yo acOUTTOT GTO —0.

X
, . e* ) 1 1
Eivonr lim fx )— lim €—=L = im =——=-1 Ko
e S e ¢ x>oer =1 0-1

: : : +x-e" - . e’
[f(x)—(—x)]:11m(f(x)+x):11m Y oix|=lim 2 T iy 2

X—>—00 x| ¥ ] X—>—00 e’ —1 . |
, C e Ty oy 0
Eyovpe lim (x'e“) = lim %: lim —— =0 omote lim Xl =

X—>—0 x>0 @ ¥ x>0 —@ * x>0 % 2 0-1

Apa n gvbeia y=-x givon TAdy1a acourttn e Gy 010 —©.

ocvveyn oto [0, 1] cav

I'3. Oewpodpue v cuvaptnon g(x)=2x— on f(,l) + 1Jl B 20113

TPGEEIC cuve DV cuvapTiceny pe g(0)=2:0 7J-oo f(tl) L4 - 20113 11 20113 <0

KOng(l)ZZ-l—J.] ! drt — ! :
o f(1)+1 2013

<1I.

Opog £(6)>0 ométe f(1)+1>1 Snh. 0<f(t1)+1

di <[ 1-dt = 0<[ L g<i0-0)e
0 0 F(1)+1

ApaJ.Odt -[Oft "

< J'l ! <I.
Cf)+1
Apa g(1)>0 omdte anod to 6. Bolzano vrdpyel tovAdyiotov pia pila g g(x)=0
oto (0,1).
H piCa eivon povaduan yarin g(x) T [0,1] apov:

<1.

PP | , 1
g'x)=2 —f(x)+l>0 aQeov 0<f(x)+1
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OEMA A
Al. Emedn yw v mopayoyicyun f(x) oto [0,+ o) 1oxver f'(x)>0 Oa eivan flx)

Opwg v &0 eivan K'(6) >0 <

A2.

yvnoing avéovoa oto [0,+ ), ondte yio kdbe x > 0 Eyovpe f(x)> f(0)=1>0.

Apa vy x>0 Bo eivon jox f(dt>0< F(x)>0. Tw x=0 0o eiva

FO) = [ f(dt =0, Smhadiy F(x)>0 yia kade x>0

[Na va dgi&ovpe 0TL G(x) > x Yo kdOe x >0 KAVOLUE Ta EENG:

o’ Tpémoc: Oewpovue Vv ocvvdptnon K(x)=G(x)—x, Tapoywyiciyun oto
[0,+ ), cav dapopd Tapaywyicipumy cuvaptinoewy, e K'(x)=G'(x)-1> 0.
Apa K(x) T [0,+%), dniadn K(x)>K(0)=0 yax>0.

Eivan K(0)=G(0)-0=0.

Apaylo kdBe x €[0,+x0) 1oydel K(x) >0 G(x)—x>0 G(x)>x.

B” tpomog: Av x=0 tote (G(0)=0 dMMAaON 1GYVEL GAV IGOTNTOL.

Av x>0, 16te opileton dSrotnpa [0,x], oto omoio 1 euvapten K(H)=G(1)—f eivon

CLVENGS ®G Topay®yioiun (S10.Qopd Topay®YIcCIU®V GUVAPTICE®Y) Kot K(X)

mapoyoyicym oto (0.x) pe K'()=G'(1)—-1>0. Apa oné O.M.T. tov

POPIKOV - AOYIGUOV  LITApYEL €va.  TOVAQyotov  E€(0,x), TETOO QOTE,

(=P Hgig-E2

X — X

K(x)
X

Apa v kéBe x €[0,+0) 1oy0el K(x) >0 G(x)-x >0 G(x) > x.

>0 K(X) >0 0G(x)-x>0G(x)>x.

v Tpomog: Apov G dvo opéc mapaywyiciun Oa eivon G cuveng ondTe:
v kdBe >0 1oyvet:
G'(H)>1<G'({)-1>0.

Apa yia x>0 Ba givon jox(G'(t) ~1)dt >0 < [G(1) —t]: >0

< (G(x)—x)—-(G(0)-0)> 0 <= G(x) > x.
I'a x=0 woyber Tpopavag cav 16otnta. Apa G(x)=>x yia kKabe x>0.

I'vopiovpe 6t fx) eivon Tapoaywyiowun dpa kow cvvexig oto [0, +]omdte n
ocovaptmon F(x)= jox f(O)dt Ba glvan mopaywyicwun dpa Ko coveyng. Aniadn
lim F(x) = F(0)= 0.
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= 1
Apa  lim[F(x)- lnx] - 11m lnlx Y im Fx(x) . —12 ((x)) _
x—0 x>0 x . X
Fx)  F(x)

|| ole

zlim—-Fz(x):lim{F ), ‘1j 1im[ (x)j m( j
x—0 x.f(x) x>0 X f(X) x>0 X x>0 f(x)

2F(x)-F'(x) [ -1
: = 2F(0)- £(0)-(~1)=0.
m (f(O)j (0)- f(0)-(-1)

x—0 1

Hoyéon f (£) Iné+ %: 0 yphpeTon yroo &=x:
7 (x) Inx+ ) 0 (F(x)-Inx) =0.
X
, , F(x)Inx, 0<x<1 ) )
Oegwpovue ™ cvvaptnon H(x)= 0 0 OV EWVOL CLVEYNG OTO
) X =

[0,1] apov eivar ywvopevo cvveyav ato (0,1] kot ling H(x)=0=H(0). Axéun
elvan mopayoyiowun oto (0,1) ocav ywoleEVO TOPOYy®YICIMOV Kot  givon
HO)=0=H() apod Inl=0.

Apa and 1o Bedpnua Tov Rolle yio v H(x) Ba vrdapyer £ <(0,1) @wote

H(E)=05 £ (£) ey %5): 0.

A3.  a. Eyovpe yia kd0e x> 0:
f(x) F(x)+f2(x) = G (x) [G(x)— x]+[G'(x)—l] ‘o

[ F(x)+ f(x)-F'(x)=(G'(x)- 1), [Gx) - x]+[G ' (x)-1]- [G(x) - x]l 2=

(/@) Fx) =((G'x)-1)-[Gx)-x]) &

& F(x)-F(x)=(G(x)-x)-(G'(x)-1) +c.
o x=0 &yovpe:

7(0)- F(0) = (G(0)—0)-(G'(0)=1)+c <> 1-0=0+c <> ¢ = 0.
Anrodn:
f()-F(x)=(G(x)-x)-(G'(x)-1) & 21 (x)- F(x) =2(G(x) - x)- (G'(x)-]) &
 2F'(x)- F(x) = 2G(x) - x)-(G(x) - x) & (F* (%)) =(Gx)-x)?) &
o F(x)=(G(x)-x)’ +c.
INa x=0 &yovpe:
F?(0)=(G(0)~0))’ +c < 0=0+c<c=0

Anhadny  F*(x)=(G(x)-x)’  F(x)=G(x)—x, apoD gival cuveyeic Ko
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F(x)=0 xa1 G(x)=x vy kdbe x>0 ond to epdtnUa Al.

. H egontopévn mg Gr oto (x,, F(x,)) €xet e&iomon

y-F(x,)= F’(Xo)(x'xo) < y=Fx)x-x)+F(x,) Q)
H epantopévn g Cg oto (xo, G(Xo) €xet e€lowon

Y- G(xo) = G,(xo )(x - xo) V= G,(xo )(x— xo) + G(xo) (2)
Avvovtag 10 (2) tov eéicooenv (1) ko (2) &yo:

f(xo)(x o xo) + F(xo) = G,(xo)(x o xo) + G(xo) <
< (G'(xo)_l)'(x_xo)"‘G(xo) Xy = G'(xo)(x_xo)'i'G(xo) <
S G'(x) x=G'(x,) x, —x+x,-x, =G'(x,) - x-G'(x,)-x, ©x=0

dradn ot epamtdpueveg TEPVOVTOL G€ onpeio A tov déova y'y.
Eneidn yio x=0 &yovpe F(0)=G(0)-0 < F(0)=G(0), T0TE TO EUPOSOV TOV
yopiov zov opiletan amd tic Cr, Cg xou v evbeia x=%, Ba eivon

E =" |FG)- Gl = [?|Fdebe= [ el = { % } ) x? |

2y
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Yrohoyilovpe 10 epufadov tov tprywvov ABI, ypnoipomoiwvrag tov tHm0
1
E=—-p-v.
5 B
To vyog eivan 1 amdcoTOoN TG KOPLENG A, TOV €ival TO GNUEIO TOUNG TOV
epantopévey, amd v wievpa BT mov eivar n gvbeia x=xyo. Apov &ivan
onueio Tov dEova y'y, n amdotacn Ba eivar |x,|.

Yav Baon Bewpovue v mievpa B, mov oynuorilovv ta onpeion B(xo,
F(xo) xou 1(x0, G(xo), omdte (BT) =|F(x,)— G (x,)]| = x|

onAadn E :%|xo|.|xo| :%-|xo|2 :%xoz, dpa 1oyver To {nroduevo.
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